Solve the initial value prob]em (cosx)y'—(sinx)y =xp’cos* x, y(z)=-1. SCORE: /45 PTS
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An object moving at high speed may encounter air resistance proportial to the square of its velocity. SCORE: /15 PTS

Assume that v > 0 corresponds to downward motion.

[a] Write a differential equation for the velocity of an object rising at high speed.
Justify your answer briefly. All symbolic constants in your equation must represent positive numbers.
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[b] Write a differential equation for the velocity of an object falling at high speed.
Justify your answer briefly. All symbolic constants in your equation must represent positive numbers.
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A population model which takes into account both the survival threshold and the environmental carrying capacity SCORE:
has a differential equation of the form - = kP(P — P, )(P. — P),
where P is the survival threshold and . is the environmental carrying capacity, with 0 < Py < F..
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[a] Determine the sign of & by considering the case in which the initial population is below the survival threshold.
Justify your answer briefly. (In fact, the sign of & is the same regardless of the initial population.)
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[b] If the initial population is just slightly above the survival threshold, determine the population in the long run.
Justify your answer using techniques discussed in class.
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[c] Determine if this model seems appropriate. Justify your conclusion briefly.
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The spread of a rumor is measured by how many people have heard of the rumor. The rate at which a rumor is SCORE: /35 PTS
spread is proportional to the number of encounters between people who have heard the rumor and people who have not heard the rumor.
(This is similar to the predator-prey model, in which the rate at which prey are eaten is proportional to the number of encounters between

predator and prey.)

In a small town of 1000 people, the town gossip has learned of a new rumor (that no one else knows yet).
After 5 days, half the town’s population has heard of the rumor. Determine how many townspeople have heard of the rumor after / days.
(Your final answer may use the symbol for the constant of proportionality, as long as you determine the value of the constant.)
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Solve the differential equation ' =
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